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ABSTRACT

In this paper induced matter theory is studieds Ehown how matter in 4D can be interpreted asaifestation
of 5D geometry. A new solution is presented whielneralizes the well known Ponce de Leon soluti@mé& properties

of the new solution are discussed.
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1. INTRODUCTION

Kaluza-Klein theory shows how gravitation and alectagnetism can be unified by extending generatixty
from four dimensions (4D) to five dimensions (5Bjluza-Klein theory assumes that the extra dimengospace-like
and has the topology of the circlé Sloreover 5D metric functions are assumed to bdependent of the extra dimension.
Induced matter theory is a different theory. Ac@ogdo this theory 4D matter is a manifestatiorbbf geometry. It shows
how matter in 4D is described by the geometry of Bidluced matter theory does not restrict the togylof the extra
dimension and is based on an unrestricted grodfofoordinate transformations. Moreover the extraethsion may be

space-like or time-like.

This paper is organized in the following way. Ircen-2 basic idea of Kaluza-Klein theory is brjefeviewed.
Section-3 provides a review of induced matter thebmduced matter theory is a consequence of ttietfiat, a curved 4D

Riemannian manifold can be embedded in a RicciSatRiemannian manifold. As a result 5D Einsteiatpiations of

general relativit)GGﬁISITTﬂ, (@,f run from 0 to 4) with matter are included in 5D liz-Klein

2/
equation§5,; =0, (A, B run from 0 to 5) without matter. In Sectidrthe idea of induced matter theory is illustrateth

the help of the well known Ponce de Leon solutithof the vacuum 5D equatiofg,; = 0. In Section-5, a new solution

is derived which generalizes Ponce de Leon solukarally in Section-6, some concluding remarksgiven.
2. KALUZA-KLEIN THEORY

Consider the 5D metric
dS? = y,.dx"dx® (1)

Where
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, {gaﬁ—k%%Aﬁ —k%ﬂ
AB _k2¢2Aﬁ _¢2

Where )/, are independent of thd'Boordinate. Here the indices A, B run from 0 tantir , 3 run from O to

3,[a, [ denote conventional 4D indices]. For (1) 4D p&%D Einstein’s tensof5,5 is given by

~ k2¢2 R 1 . , ) . 3
Gap =Cop *—~| Fi FﬂA_EgﬁFWF” ‘¢1[¢ 'ﬁ—9ﬂ¢”m]

_ , _0¢ _ 1 _ _
Where F, = A; , — A, ; is the Faraday tensgb, = v andG,; =R, _Eg""”R is the conventional 4D

Einstein’s tensor obtained froréaﬁ by omitting those terms which depend¢@n 5D vacuum field equation&,; =0

imply éaﬁ = 0. This leads to the equations

k2 2 " 1 o v _ a a
Gy =3 {FA F’“‘zgﬂafﬂ}*‘”l{cﬁ £ g7 @

If @ =1 equation (2) reduces to 4D Einstein’s equatiortk wiatter

G, =81,

Where the coupling constakt= /1677 and

— k2¢2 ap B 1 ap v
Top == {FAF 597, F

is the energy-momentum tensor of the electromagffietd. Remaining field equations,, =0 and G,, =0

reduce to Maxwell’s equationsF;M =0.
3. INDUCED MATTER THEORY
Main theme of induced matter theory is that 4D t&imss equations of general relativity with matter
G, =87T,;, (@, run from 0 to 3) (3)
are subsets of 5D Kaluza-Klein equations
G, =0, (A BrunfromOto4) (4)

This is a consequence of a theorem by Campbelllwdtates that an n-dimensional Riemannian manitldsed

or flat, can be embedded in an (n + 1)-dimensi®iedi flat Riemannian manifold.
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To see how it works let us consider a 5D metric

dS? = e’dt? —e“(dr® +r’dQ?) — e“dl? (5)

Wherex’ =t, x***=r,8,¢ are the usual 4D coordinatedQ?® = d&” +sin’@d¢* and x* =1 is the
extra fifth dimension. Let us assume that the roetoefficientd/, &, 4 are functions of t arld Nonzero components of

Einstein’s tensmGQ are then given by

G? =e-V(_ﬁ__3W)+e-#(3_w+ 3w _3pw
4 4 2 2 4

G :e_V(B_a)+3a)a)_3a)v _ 3wt
2 4 4 4

)

v 30 j1 [P i v vl
l=Gl=Gl=-eV(+—+ T+ -T2 6
G =G; =G; ( 2 Tt T, 4) (6)

3LV LV pw v

+tef(wr—+—+
4 2 4 2 2 2
0 Pa—
G :_e_v(3_a)+ﬁ_3va))+e_#(3af +3a)v)
2 2 4 4 4

Where partial derivatives with respect to t areaded by dot ‘.’ and partial derivatives with respéz | are

denoted by starl*’. Kaluza-Klein equationﬁg =0 give rise to the following equations

Gy e (-3 -3y, gu30, 303U g
4 4 2 2 4

G‘?:e_v(1~’>_a)+:’aa)a)_:%a)l/_3a)/,1

2 4 4 4

o B6R f R G Ve Vi
l=Gil=Gl=-eV(+——++ -+ -T2 7
G =G; =G; (@t =t = =) (7)

)=0

* *x * * *  x

LWV Vv pw v

+tef(wr——+—+— 'u)=0
4 2 4 2 2 2
O * %
G :_e_v(3_a)+3a)2 _3|/a))+e_ﬂ(3a)2 +3a)v):O
2 2 4 4 4

According to induced matter theory the new terms ttuthe fifth dimension irGg =0 is to be identified with

L and the new terms iﬁSll = 0 with p. Collecting terms which depend ¢@n or derivatives with respect o we define

G) = —ge’”a)2 +8mp=0 (8)
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G =-€"(w+ cf——) 8p=0 ©)
Where
877,0——%6 WpL+= e“(a)+a)2 H@ ) J10

* % * * * *

.. ) cor . * % 2
8ﬂp:e‘”(£+'u_+%_£) ‘ﬂ(wﬁ+v+v_ ﬂ_ﬂ‘)_ﬂ) (11)
2 4 2 4 4 2 4 2 2

Equations (8) and (9) together wi8; =0 and 633 = 0 give the usual 4D Einstein’s equations with matter
a — a

and allow us to interpret 4D matter describedT[;g/ as a manifestation of 5D geometry. The remainaugaéons

G; =0 andG; =0 can be interpreted as describing some propertigstier.

We have demonstrated induced matter theory by derisg a 5D diagonal metric in spatially isotrofacm

where the extra coordinate is space-like. If thend@ric has the form

dS? = 'dt? — &'dr? - R?dQ? + e e¥dt?

Where the metric functions,A,R, 4 depend in general on t, I, and & = -lor 1. Then the nonzero

components of energy-momentum ten?fgf' are given by

(' [ " 12
8770 = —¢” M Ri\, o RE AW W (i
4 R R 4 2 4

m g 0o

_i+/]_2 ,u/1 RA R,u R2 2R
2 4 4 R RRZR

8Tl = ¢ (£+M_M_/‘_NJ 12)
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= . oo ] . .o 2 ,2 , , .
87TT22 =—eV M_£+A_/j+£+/j_ +e— /'I /,/ /j _A/,/ +V/,I
2R 4 4 2 4 2R 2 4 4 4
oo 0o m Dz m Dz oo oo 0o
—ce” B+& RA R,u +Y l/—+d+/1_+ﬂ VU _pA
R 2R 2R 2R 2 4 2 4 4 4 4

3_7T12
TS _T2
where dot ‘.’ denotes partial differentiation withspect to t, prime ‘/’ denotes partial differatibn with respect

torand star[’ denotes partial differentiation with respectlto

In induced matter theory an important coordinatetesy, called matter gauge, is one in which the Srimis

block diagonal,

Cy — gaﬁ O
98 (X) —{ 0 5¢2}

Wheref2 =1. Here £ is a factor which allows a space-like as well atinze-like signature of the extra
dimension. The procedure to obtain the 4D energyrermium tensoﬂ'; from the 5D field equation&,; = O is exactly

the same as above. The usual 4D Einstein equaf.i?%s: 87TTaﬂ then hold, where

oo O O
oy & 99y U w2 o 9g%g,0
87TT —Trab _ aB + L _ uv Jap
“® ="y 2¢2[ P 979" 9 9 5
g/jv o o w
—={9 9,+(9 g,w) g1 (13)

Where semicolon denotes ordinary 4D covariant dérie
Equation (13) describes 4D matt@gﬂ as a manifestation of pure 5D geometry. Interpiaieof the remaining

equationsG,, = 0 and G,, = 0 is not so straightforward. However if we let [2]

Pa/? = k(muauﬂ + mggaﬂ)
where k is a constantnl and m, are the inertial and gravitational masses of digdarin the induced matter

a
is its 4-velocity then these equations providedfaation Pa’fﬂ =0, which can be interpreted as the

fluid and u? =
ds

=

4D geodesic equation and the remaining equatiorbeddentified with the Klein- Gordon equatiap = nfe.

Though close to relativity theory, neither Kaluzieid theory nor induced matter theory may be catiddtivity
in 5D. Firstly because both are based on a flasp&xe and secondly neither is independent of thieetof coordinates in
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the five dimensional spaces.
4. EXPLICIT SOLUTIONS

Let us consider the simplest type of 5D metric
ds? = dt? —e*'®(dr? +r?dQ?) - e*®dl ? (14)

The nonzero components GE’? for the metric (14) are given by

3P 3Au
Gy =-(—+=—F
S ()
« 38 i 3 Au
1-G2=G3=-(N+2+ L4 77
G =G, =G =—( 2 52 2)
12
g3, 3
2 2

Identifying the terms which depend g or derivatives with respect b which occur in equatioﬁg =0 with

£ andin equati0|{311 =0 with p we obtain

12
GSZ—%}+8np=O

12
Gf:—ﬁ+%%—8ﬂp20

Where877p = _%Tlu (15)
.2 ] .
8ﬂp=§+3%+%u (16)
Equation
.. o
G, = % +% =0 17)

provides an equation fol . Using equation (17) we obtain
A =log(at +b) (18)

H(t) is to be obtained by equating
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o = (19)

6s=-2(i+4)=0

12
andGllz—/T+%—8np=0 (20)

From (19) we obtaig/ = -] . This is consistent with (20). Thus we get thaisoh

A=log(at +b), y=-log(at +b).
From (15) and (16) we get the density and presdurese are given by
_ a> _ a2
nmp=——— ,81p=——-—
4(at +b) 4(at +b)

The equation of state given by this solution isegivby © =3P which is typical of radiation. This is a
cosmological solution.

An important class of cosmological solutions iy =0 (or G,; =0) is due to Ponce de Leon [1]. This is
given by

2 2

dS? =12dt? —tal*-a (dr2 + r2dQ?) - a? (L- ) %t2%dI? (21)

Comparing with (5) we find

2 2
all-a

e =% e’ =t e =a?(l-a)™?
Density and pressure of the cosmological fluid thee solution (21) can be obtained by putting these the
equations (10) and (11) respectively, which gives

3 20 -3
87 =—— and8Tp="2 >
P = gz P g

Equation of state is given by

n= 20/—3p
3

Equation of state depends on the arbitrary con&ariora = E we get

4
SHPZF, p=0

where T =| t denotes the proper time. In this case the saiuiddentical to 4D Einstein-de Sitter model fbet

late universe with dust. Far = 2 we get
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8mp = Tp=——5,p

L P
472 3

412"
In this case the solution is identical to the 4&nstard model for the early universe with radiation.
5. NEW SOLUTIONS

In this section we present a new solution whichegelizes the well known Ponce de Leon solution THe new

solution is obtained from the featureless flat 5Bt by transformation of coordinates. In derivihg new solution we

do not need to solve Kaluza-Klein field equatioRs; =0 since it is obtained from the flat 5D metric byacling

coordinates so that the equatioRs; =0 are automatically satisfied.
Let us start with the flat 5D metric
dS? =dT? - dR* - R*dQ?* - dL (22)
We wish to change the coordinatéE,R,L) — (t,r,l) such that with respect to the new coordinafgs, |)
the metricg g is diagonal i.e. no cross term occurs. For this le
R =r(T+L)
Then the metric (22) transforms to
dS? =d(T +L)[d(T — L) —r?d(T + L) —2r(T + L)dr] - (T + L)’[dr? + r*dQ?] (23)
Next we let
T-L=r%T+L)+k"
Then (23) reduces to
dS? = kd(T + L)d(t°) — (T + L)?(dr? + rdQ?) (24)
Finally we let
T+L=t”
Then metric (24) becomes
dS? = K[aat™* =2 #*dt? + bR #272dI2 + (ba + aB)t™ 4 AP gl
—t%1%2(dr? + r?dQ?) (25)
Cross term appearing in (25) vanishes if we let

B=ah, b=-ah (26)
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With (26) metric (25) reduces to
dSZ - ta+a—2| (a—a)hdtz _ t20/| 2ah (dr 2 +r ZdQZ) _ h2t0/+a| (a—a)h—zdl 2 (27)

Where we letaka =1 by a choice of the constant k

Solution (27) generalizes Ponce de Leon solutipn [1

2 2

dS? = 12dt? —t/1% (dr2 + r2dQ?) - )2 (1- y) "2t%dI? (28)

If we leta = 1 ,a=2 1 andh = y(L—y)™" then (27) reduces to metric (28).
4 y

PROPERTIES OF THE SOLUTION

Solution (27) represents a spherically symmetrisnomogical model in general relativity. It reducts
Robertson-Walker metric with k = 0 on the hyperfaces| = constant. Density and pressure of the cosmadbéidd can

be obtained by putting (27) into equations (10) @i, which gives

2

= 87T| (a—a)hta+a an

_ 2
dp= aa - 2a 29)

IO - 8ma+a|(a—a)h

From the first of equations (29) we see th@tis always positive and from the second of equati@9) we see

that p could in principle be negative. Equatiorstate is given by

=(a—2aj (30)
p 0 P

It should be noted that the 5D metric (27) reduteshe 4D Robertson-Walker metric with k = 0 on the

hypersurfaced = constant ifd +a= 2. The solution depends on three constant paramatdrandy . If a and@ are

a-2a
so chosen that——— =1 then the 4D part of (27) represents a radiatiomidated universe on the hyper-surfaces
a

| = constant, while fo@ = 2 it represents a universe full of dust.

Equation (29) shows that boj? and p depends on the extra coordinaiéa # @ . If @ =@ these become

3a? -a?
P=gme P~ g o

Equations (31) show thap and p depend or@@ only. In this case the equation of state (30) bexo

we obtain

a+a
p +3p =0i.e. gravitational density vanishes.hf=
a—a
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3a? _ag-2a°

= 877(' t)a+a »P= 877'(' t)a+a

P (32)

For a = 2 — @ we get the results of Ponce de Leon solution.

6. CONCLUSIONS

The induced energy-momentum tens'B(;ﬁ for any solution of the Kaluza-Klein field equatd G,z =0

(or equivalentlyR,; =0), depends on a choice of coordinates on the 5Pespie. So starting from a known solution

one may generate new solutions by using transfoomabf coordinates. However the resulting solutinay or may not
be a realistic one. So the choice of an appropcatedinate system on the 5D space-time is veryitapt. In spite of this

we have been able to find a realistic solution.
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